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SUMMARY 


» expressed ab initio in generally covariant form, and satisfying the usual quantum 
is outlined. The basis for the theory is the structure of the general coordinate 

m group and a way of representing it introduced by Klein [1]. Various representa- 

s of the general coordinate transformation group are discussed. As a particular example 


I. Introduction 3 


In the past, many methods have been tried for combining general relativity and 
5 quantum theory. In these attempts, one has, naturally, started from classical 
_ gravitation theory and applied various quantization procedures. It seems as if this 
? kind of approach towards a general relativistically covariant quantum theory 
> should not be too far from success, in spite of all the difficult problems in 
a connexion with it. 
Instead of starting with a definite classical theory, we will try in this paper 
_ to construct a covariant quantum theory based on the structure of the group 
of general coordinate transformations. This will be done using ideas developed 
_ by Klein [1]. 
In section II, some general properties of the coordinate transformation group 
are summarized. In [1] the group considered differed in some respects from the 
- coordinate transformation group;! we shall therefore express, in sections III and 
IV, parts of [1] in terms of the latter group. In these sections, a particular method 
for the construction of unitary repesentations of the coordinate transformation 
- group is given. 
Sections V and VI, finally, are devoted to a discussion of gravitation-like 
representations. 


Lp Times ot" 


II. General properties of the coordinate transformation group 


Let us consider the group of general coordinate transformations” 
Ox’ 


1 
5 | +0. (1) 


x =a(x)=24+a(z2), 


* Work supported by the National Science Foundation, Contract No. NSF-G-4356, Institute 


of Field Physics, University of North Carolina, Chapel Hill, 
1 Specifically, the Jacobian need not be unity and the coefficients «, » of the transformation 


(see formula (1)) are not all independent here. ; 
2 Here, and often in what follows, we omit the indices on the coordinates. 
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and a unitary representation of it composed of matrices D[«(zx)], where D isa 
functional of the functions « (2). 
The tangent vectors, Q(x), at the unit element of the group are defined by 


6D 
Oat! (2) | a0 


Q, (x)= (2) 


The right-hand side of (2) is a functional derivative with respect to the func- 
tions a (x). 

The Q,(x) are antihermitian because-D is unitary. They transform as compo- 
nents of a covariant vector density (see Appendix 1) and fulfill the following 
Lie integrability conditions 


[Qu (2"), Qy (2!))= —Qy (ar") yy (22 — 2") + Qu (") By (2e"” — a2"). (3) 


This formula is derived in Appendix 1. A straightforward calculation shows that 
it is covariant.! 

The reason why unitary representations of the group are interesting is well 
known from discussions of the Lorentz group (see for instance Bargmann & Wigner 
[2]). To each transformation (1), there must exist an active transformation of 
the quantum: mechanical state vector 


WY’ =D{[a(x)| ¥. (4) 


The requirement that the inner product? (¥,‘”)>0 be invariant under the 

transformation shows that D is unitary apart from a similarity transformation.* 

Hence the set of matrices D[«(x)] is a unitary representation of the group. 
In the following section, a method will be given for the construction of such 


representations or, what is the same, sets of antihermitian operators Q,, (x) 
satisfying (3). 


Ill. The basic fields 


Following [1] we introduce certain “basic fields” satisfying simple commuta- 
tion relations and construct from these fields operators Q satisfying our require- 
ments. The procedure is best shown by examples. Let us, as a first example, 
choose one closely connected with the example treated in [1]. 

As basic fields, we introduce one covariant vector field operator, ¢,(x), and 
one contravariant vector density field operator, z“(x). They are both assumed 
to be hermitian and to fulfill the commutation relations 


[Pu(x’), py(x’’)]=0, (5) 
[a (a"), 20” (x'")] = 0, (6) 
[u(a’), 0” (x’)]=10%0 (a —x"’). (7) 


‘ The author wishes to thank Dr. B. DeWitt for clearing up a mistake in this connexion. 

* We exclude indefinite metric, though this case is a possibility when the physical vector 
Space is a proper subspace of the space considered (see sec. IV) ( 

* In the following D is always taken to be unitary. 
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antihermitian and satisfy the commutation relations (3). In fact, by Ste 
an 5 fu (0) = J [bu (a), Q, (x")] a(x") da’ a) 
Sax! (x)= [a (v), Q(x") (n")d’, (10) 


-and considering «’(a’) as infinitesimal, one finds the active variations of ¢, and | 
_ x" corresponding to infinitesimal coordinate transformations. When put into (9), 
the first term in (8) gives the contribution from the vector transformation while 
_ the second one gives the translation term. The corresponding terms for other 
_ kinds of fields satisfying relations like (5)-(7) are easily found. Thus one can 
_ find a great number of antihermitian representations of (4). Two more examples 
will be given later. 
_ By performing the differentiation in the first term of (8), one finds that 


; 0,.= Oy sot b vsne Pune TE - (11) 


_ This shows explicitly the covariance of the equation.? 


se 


4 IV. The physical fields 


So far nothing has been explicitly said about the nature and dimensionality 
- of the space in which we perform the coordinate transformation but the idea is 
of course to apply what we have done to the four-dimensional space-time con- 
tinuum. One then immediately notices that all kinds of dynamical operator equa- 
tions of the “basic fields’ must contradict the commutation relations (5)—(7) 
which state that any field quantity at one space-time point commutes with all 
the field quantities at any other space-time point. Hence the basic fields (e.g. 
¢, and z“) cannot be physical fields (e.g. vector meson fields). Now, the physical 
fields are not directly observables in quantum field theories and no damage is 
done to the theory if they are replaced by other quantities which may be easier 
to handle; but still the following question remains to be answered: How does 
dynamics enter the theory? An answer was given in [1] by using subsidiary 
conditions to pick out from the state vector space a subspace containing the 
dynamically realizable state vectors (or physical state vectors). We will denote 

such a vector by V,. 
It is clear that also the W, vectors must form a representation of the trans- 


1 When the same coordinate argument appears everywhere in an equation, we do not as a 
rule write it down explicitly. Symmetrisation of terms with noncommuting factors in (8) and in 
similar expressions in the following is understood. 

2 The expression in [1] corresponding to (8) differs from it due to the differences between the 


respective groups (see footnote (1) p. 237). 
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simplest way 


where A is a covariant set of quantities constructed from the basic fields 

As to the question of what are here the observable quantities, it can be said re. 
that they must have, among other properties, the property that, when they operate 
on a physical vector, they transform it into another physical vector. For the 
interpretation of the theory, such operators must be constructed from the basic 
fields. We already know one example of such quantities. They are the Q, opera- 
tors in (11). With A being a covariant, it is immediately clear that they trans- 
form the Y’, vectors of (12) into each other, due to their property of generating 
the coordinate transformations (9) and (10). 


V. Second rank tensors as basic fields 


In order to come a little closer to gravitation, let us try to choose as basic 
fields one covariant symmetric tensor h,, and one contravariant symmetric tensor 
density f”. They are both assumed to be hermitian and to satisfy the following 
covariant commutation relations 


Ruy (x); Iya (x’’)] = 0, (13) 
Lh” @' ye Paes 0! 7 (14) 
[Puy (ac’), f (20’")] = 4 (07. 03 + 0% 52) 6 (x" — a"). (15) . 


Using the general rules for constructing the Q, field given in connexion with 
the vector field example, one obtains in this case 


Qu Pte ur ou ea 30 (hyx,a al ee i hiy,p) foe (16) 


Using the h,, field like the metric to lower indices and to define covariant 
derivatives, (16).can be written 


Qu= —t fires (17) 


which expression is explicity covariant. So far everything is easy but the for- 
mulation of the subsidiary conditions remains to be done. It is well known 
from linear quantum field theories that a subsidiary condition like (12) must 
contain only annihilation operators. Otherwise difficulties arise concerning the 
normalization of the state vectors.2 There is no reason to believe that we are better 
off in a theory of the kind outlined here. Klein used only annihilation operators 
in his formulation of the subsidiary conditions in the Maxwell and Dirac cases 
(there he did not require general invariance and the conditions were linear). 
It is, however, not possible in any simple fashion to combine our hy, and 


2 (12) was used in [1] in connexion with Maxwell and Dirac fields. A was there taken to be 
the annihilation part of the left side of the field equations. 
* See e.g. [3] p. 100. 
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J way out of this seems to. oe tc use as basic field not Daws 
(Ute gaia orig as a mixed tensor density of weight one half. a 
to. be hermitian and consider it as the sum of a non-hermitian field 


as Sure BY). (18) 


- Further we assume the commutation relations 


[Br (2’), Bi (x'")]=0, (19) 
[B°s (a'), BYE (x")|=0, (20) 
[BY (x'), By (a'’)] = 646% 6 (x —2""), (21) 


which are covariant if the By are assumed to transform like the C%. (19)-(21) 


4 
j 


have exactly the required appearance of commutation relations for Buninitesion 
and creation operators. 
_ The Q, for this case are 


Q, = (B*? Bz), o— (B*% BS), o +4 Be , Bo— 4 B*e Bs ,. (22) 


VI. Dynamical equations for the mixed tensor-case 


The dynamics for the Cy; field must be expressed through subsidiary con- 
ditions containing By and B*, (and no other fields; no metric for instance). 
We also know that these should have some connexion with EHinstein’s equa- 


_ tions. 


It is natural then to look first for a set of classical, covariant equations for 
O°, related to Einstein’s equations. How such a set may be found is shown in a 


y subsequent paper [4]. These equations consist of terms that are products of the 


C7, and their derivatives. Let us write them symbolically 


E(0)=0. (23) 


One way of translating equations of this type to quantum mechanics is the fol- 


lowing: First we put 
Wn H(C)¥ =0, (24) 


1 Here we refer only to the formal property of these operators (see equations (19)-(21)) 
because no dynamics has been introduced so far. 
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~ NH(C)=e(B,BY)+e*(B,BY), 88 
’ ig A r prety silt - ; Pi , aptitee Pty are 

where e(B, B*) contains, among other terms, the one consisting of B-factorst only. — 

One unambiguous and invariant, though somewhat arbitrary, manner of per- 

forming this splitting will be shown in an appendix. oe « 

As subsidiary condition we now take” as ee . lant 


e(B,B*)¥=0, © (26) 
from which equation the equation (24) follows according to (25). 


VII. Cancianen 


‘The intention of this paper.has been to investigate the possibility of con- 
structing a covariant quantum theory along the lines set out in the introduction; 
so far no definite obstacle has been encountered. 

It is tempting to try to found the dynamics not, as above, on correspondence- 
like assumptions regarding the subsidiary conditions but on irreducible, unitary 
representations of the general coordinate transformation group, i.e. a procedure 
similar to the one used for the Lorentz-transformation group (see e.g. [2]). It is 
probably true that very few of these representations will correspond to physical 
reality and some kind of selection principle must still be employed. It is pos- 
sible, however, that this principle can be simply expressed. 

The reason why we have not followed this path here is partly due to mathe- 
matical difficulties and partly due to the the intricate problem of the physical 
interpretation in a theory so far removed from the current ones. ' 
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’ For definition see Appendix 2. 


? There is no reason to believe that the subsidiary condition must contain annihilation ope- 
rators only, like in the linear case. What we demand is that the last operator on the right hand 
side in any term should not be a creation operator. 
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Sa aera ~ (A4) 


- g (A3) with respect to pe) and putting 6=0, we obtain, using 
ansformation law for the Q-field 


by*(a) (x) 


5B (a) |» ce) 


D™* [2] Qu (x" )D[z]= af UT eas 


Bt mn rane ‘righthand side, we aie used the fact that peo if B=0. This follows : 
- from (A4). Differentiating (A5) with respect to (x) and putting «=0, we 

obtain ne commutation relations 

< es : \ 
4 , TEN) O y* (2) 
4 [Oul2!),Qo(2") = J Qa (2) raya Brew) 
g What remains is only to calculate the gh. hand sides of (A5) and (A6) with 
the help of (A4). We obtain 


dx. (A6) 


a=B=0 


| SB ey Oe aa) 2) + ag (w+ 0 (a) +B (a +01 ())) B40 (+ a(x) — 2"), 

2 6 a : . oe 

= aes ee ee Nee le hate) a) 
and 

z 

4 8 Vs) 

§ 6 0(a'") 6 BM (2") |e=pa0 

: . Sen ee ae 

z = 650,6(x—2') 00 (a— ax asa ce aan) 

A = 646, (x —a') 4 (x—a"’) — 656, (4— 2") 0 (u—2’). (A8) 
S From (A7) and (A5) with the substitution 

(4 
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4 
4 


(A10) shows that the Qx transforn T as a covarit 
Finally, we use (A8) in (A6), which gives. “paHaitan 


ariel ry duatekinn de: 
[Q p(x" ).Q »(2"’)] = Q(x’ 2") Bay (2 *—2')— Q(x") bay (a a 


a a f ¢' iy ; FAS = bg 


This is the formula (3). 
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APPENDIX 2 
Splitting of a normal-ordered product 


} It will be shown here that the normal-ordered product N E(C) in (24) can 
be split up in a sum like (25) consisting of two hermitian conjugate terms, 
each of which transforms like the covariant E(C). 

First we notice that the normal-ordering does not affect the transformation 
property of H(C). This follows simply by applying the ordering to both mem- 
bers of the transformation formula for H(C). We are going to use the term 
“B-factor’” to mean a B or a derivative of B appearing in a product of B’s, 
B*’s and their derivatives. The corresponding definition applies to ““B*-factor’’. 
A product of the kind mentioned here gives, in general, several terms when 
transformed, but each of these terms must contain the same number of B- 
factors as the original product (and consequently also the same number of B*- 
factors as the original product). 

It is now obvious that the terms in N #(C) which contain a certain number 
of B-factors must form a sum which transforms exactly like H(C). 

An example of the kind of splitting we want is the following: Let e(B, B*) 

in (25) be formed by all the terms in N H(C) containing more B-factors than 
_ B* -factors and one half times all the terms containing equally many B- and 
B*-factors. The remaining terms form a sum which is the hermitian conjugate 
of e(B, B*). (This special splitting is of course to a large extent arbitrary and there 
might be reasons for using a different one.) 

This accomplishes what we desired because apparently e(B,B*) transforms 
like £(C). 


Tryckt den 5 november 1959 


Uppsala 1959. Almayist & Wiksells Boktryckeri AB 


i 


ate by : 
aS Sa gi ey 


Satie sont 4 rat ade i 
hiatw cae a 
5 oa thee bo a 
"t “" rac 
5 cingalls ll 


7" bye ra 


